We study static spherically symmetric solutions to Einstein's equations with a repulsive singularity at the centre. We show that geodesics are extendible across the singularity, so the singularity does not lead to pathological causality properties. It is best described as an irreducible spacetime boundary. As such it must be assigned to an entropy, so that the total entropy is a sum of matter entropy and of singularity entropy. We evaluate the latter by using methods that have been developed for black hole thermodynamics, namely, Euclidean Quantum Gravity and Wald's Noether charge approach. Then, we use the maximum-entropy principle in order to show that regular solutions correspond to global maxima of the total entropy for stellar masses below the Oppenheimer-Volkoff limit, thus providing a thermodynamic justification to the regularity assumption employed in all stellar models. The maximum entropy principle also defines stable singular configurations for masses above the Oppenheimer-Volkoff limit, which we name singularity stars. We analyse their properties, and discuss the possibility that they correspond to a new type of astrophysical object that intermediates between neutron stars and black holes.
Introduction
When the nuclear fuel of a star is exhausted, the star ejects a large part of its mass. The remnant settles to an equilibrium state and becomes a compact star. Compact stars correspond to stationary solutions of Einstein's equations. In particular, black holes are solutions to vacuum Einstein's equations; white dwarves and neutron stars are solutions to Einstein's equations with matter.
Ignoring rotation, a compact star is described by a static spherically symmetric metric
in terms of the lapse function L(r), the mass function m(r) and the standard coordinate system (t, r, θ, φ). Let the stellar surface be located at r = r B > 0. For r ≥ r B , the metric Eq. (1) , where M = m(r B ) is the stellar mass. For r < r B , the metric satisfies the Tolman-Oppenheimer-Volkoff (TOV) equation dP dr = − (ρ + P )(m + 4πr 3 P )
where ρ is the density and P is the pressure of stellar matter. The TOV equation is supplemented by equations for the mass and lapse functions,
1 L dL dr = − 1 ρ + P dP dr .
In compact stars, no fuel is burning, hence, the relation between P and ρ can be expressed in terms of an equilibrium Equation of State (EoS). We assume that stellar matter consists of k particle species. Then, the density and the pressure are functions ρ = ρ(T, b a ) and P = P (T, b a ) of the local temperature T and of the variables b a := µ a /T ; µ a is the chemical potential associated to the a-th species (a = 1, 2, . . . , k). This representation of the EoS is most convenient, because all b a are constants in the stellar interior at thermal equilibriumsee, Refs. [1, 2] and also the Appendix A. Then, Eq. (4) implies Tolman's law: LT = T ∞ , where T ∞ is a constant. T ∞ coincides with the temperature of the stellar surface, as measured by an observer at infinity. Solutions to Eqs. (2) (3) (4) , subject to the stellar boundary condition P (r B ) = 0, are uniquely determined by the two variables M and r B , together with the constants b a . However, the variables (M, r B , b a ) are not thermodynamically independent [2] . As a result, not all solutions to Eqs. (2-4) are physical. Physical solutions are identified by an additional requirement. In the current theory of compact stars, this requirement is the regularity condition, namely, the assertion that the spacetime geometry is everywhere locally Minkowskian (i.e., regular). This is possible only if m(0) = 0.
Regular solutions have finite pressure P 0 at r = 0. Given P 0 , Eqs. (2-4) are integrated from the center outwards. The stellar surface r = r B is identified as the first zero of the pressure function P (r); the stellar mass is then defined as M := m(r B ). It turns out that there is an upper bound M max to the mass of regular solutions, for any given EoS. The Chandrasekhar limit for white dwarves and the Oppenheimer-Volkoff limit (OVL) for neutron stars are special cases of this bound. It is widely believed that final states of gravitational collapse with M > M max are black holes-so far no proof exists.
The regularity condition leads to a successful theory for the structure of compact stars but it is conceptually problematic. Unlike the early days of general relativity, today we readily accept the physical relevance of solutions to Einstein's equations with singularities (i.e., black holes, the Big Bang), even if we agree that the singularities must somehow be removed/justified by a more fundamental theory. In what follows, we will show that the singular (i.e., non-regular) solutions of Eqs. (2) (3) (4) have no pathological behavior as far as causality and predictability are concerned. Thus, their a priori exclusion is ad hoc, and it requires further justification.
Moreover, if General Relativity emerges as the macroscopic limit of a quantum gravity theory, then geometry fluctuations (e.g., Wheeler's spacetime foam) should be taken into account. There is no reason why the fluctuations should not also include singular geometries, especially if such geometries are well behaved. This is the case for the singular solutions of the TOV equations, because they do not involve any non-extendible causal geodesics. Hence, the stability of the regular solutions under fluctuations becomes an important issue. In thermodynamic systems, stability is implemented by the maximum-entropy principle (MEP), namely, the fact that the equilibrium configuration is the global maximum of entropy with respect to all variations of unconstrained variables [3] .
The implementation of the MEP requires the assignment of gravitational entropy to the singularities. The singularity entropy is necessary for thermodynamic consistency, but it also follows from the application of ideas and methods that originate from black hole thermodynamics. In the latter context, Euclidean Quantum Gravity [4, 5] and Wald's Noether charge approach [6] were developed in order to define black hole entropy in general spacetimes. Both theories treat the black hole horizon as a spacetime boundary and provide a rule for evaluating entropy to such boundaries.
We apply the methods above to singular solutions of the TOV equations, treating the singularity at r = 0 as a spacetime boundary. We find that the singularity must be assigned to an entropy, so that the total entropy of a singular solution is a sum of matter entropy and singularity entropy. We derive the singularity entropy up to a multiplicative constant λ. Then, we determine the value of this constant by a universality argument and the comparison to a simple model where this idea was first implemented [7] .
Having defined the entropy functional, we prove that the MEP leads to a first-principles justification of the regularity condition. Indeed, we show that for M ≤ M max the global maxima of entropy correspond to regular solutions. We also show that some regular solutions define local but not global maxima of entropy. These solutions define metastable states.
Furthermore, the MEP distinguishes physical solutions even for M > M max : therefore some singular solutions turn out to be thermodynamically stable. Since these solutions describe stars in which matter coexists with a singularity, we call them singularity stars. Singularity stars follow from the very same set of equations that describe neutron stars, with no additional assumptions about the form of matter at high densities or the postulate of new gravity theories. In their derivation, we employ only standard General Relativity, augmented by concepts from black hole thermodynamics.
The models we consider in this paper ignore significant features of actual compact stars, such as rotation and magnetic fields. However, the results stated above are robust, in the sense that they follow from minimal assumptions, and do not depend on a specific choice of EoS. They appear as a generic feature of self-gravitating systems in thermodynamic equilibrium. Keeping in mind the fact that the original prediction of compact stars came from equally simple models, our results provide a good prima facie argument for the existence of singularity stars. A definite prediction requires further research. One needs to demonstrate that (at least some) thermodynamically stable singular solutions are also dynamically stable, and that singularity stars can arise as final states of gravitational collapse.
The structure of this paper is the following. In Sec. 2, we study the properties of singular solutions to the TOV and identify the singularity entropy. In Sec. 3, we implement the MEP for a simple equation of state in order to demonstrate the emergence of the regularity condition and the existence of singularity stars. In Sec. 4, we discuss the possibility that the singularity-star solutions correspond to physical stars. In Sec. 5, we summarize our results. The paper also contains three appendices. The appendix A summarizes general properties of self-gravitating systems, the appendix B contains a detailed derivation of the singularity entropy from Euclidean Quantum Gravity, and in the appendix C we present further examples of our results in terms of various EoS.
Thermodynamics of singular solutions
In this section, we first examine the properties of singular solutions to the TOV equations. Then we construct the entropy function to used in the implementation of the MEP.
Geometry of singular solutions
We study solutions to the TOV equation (2) and the supplementary equations (3) and (4). They define static, spherically symmetric metrics of the form Eq. (1), in terms of the lapse function L(r) and the mass function m(r). (ρ 0 + 3P 0 )], where P 0 = P (0) and L 0 = L(0). The metric is locally Minkowskian everywhere, including r = 0. For this reason, these solutions are called regular.
Singular solutions correspond to non-zero values of m(0). These solutions are less known than regular ones. Some particular cases have been studied in Refs. [8, 7, 9, 10] . A positive value of m(0) implies the existence of a horizon where 2m(r) = r, for some value of r. However, it has been proven that the integration of the TOV equation from the boundary inwards does not encounter a horizon, provided some rather mild conditions are satisfied by the EoS [11] . Hence, no positive value of m(0) is consistent with the existence of a stellar surface. For this reason, physical solutions that describe stars satisfy m(0) = −M 0 , for M 0 > 0. Substituting into Eq. (4), we find that near r = 0,
; hence,
for some constant η > 0. Around r = 0, the metric (1) becomes
By Tolman's law, T (r) ∼ √ r, hence, T (0) = 0. In general, the limit T → 0 may correspond to either zero or non-zero density and pressure, depending on whether the number density n also goes to zero, or it remains finite. For example, in the free Fermi gas, the limit T → 0 at constant n leads to the well known expressions for degeneracy pressure and density. If the limits T → 0 and n → 0 are taken together, both density and pressure may vanish. Only the latter case is compatible with the TOV equation near r = 0. To see this, assume that either the density ρ 0 or the pressure P 0 at r = 0 is non-zero. Eq. (2) implies that near r = 0, dP dr
, hence, P (r) = ρ 0 +P 0 2 log r + c, for some constant c. As P (0) diverges, we obtained a contradiction. Hence, ρ(0) = P (0) = 0. The stress energy tensor vanishes at r = 0 and by Einstein's equations, so does the Ricci tensor R µν .
The proper radius coordinate corresponding to the metric Eq. (6) is x = 2 3 r 3/2 / √ 2M 0 . A two-sphere of proper radius x around r = 0 has area equal to 4π(
. This implies that the spacetime is not locally Minkowskian around r = 0, since in that case the area should be 4πx
2 . Thus, r = 0 manifests the characteristic behavior of conical singularities. Near r = 0, the metric Eq. (6) behaves like a Schwarzschild solution with negative mass −M 0 . In fact, singular solutions at near-zero temperatures are locally approximated by a negative-mass Schwarzschild solution within a ball of finite radius around the singularitysee, Sec. 3.2. In the Schwarzschild solution, scalars constructed from the Weyl tensor diverge as r → ∞. Hence, the singularity at r = 0 is a curvature singularity.
Nonetheless, the presence of this singularity does not lead to problems causality and predictability in this spacetime. To see this, we consider the geodesic equation near r = 0
where and are constants. For causal geodesics they correspond to energy per unit mass and angular momentum per unit mass, respectively. The parameter σ takes the value 1 for timelike, −1 for spacelike and 0 for null geodesics. The dot denotes derivative with respect to an affine parameter λ.
No timelike geodesics arrive at the singularity. Infalling massive particles reach a minimal radius, r min = (η/ ) 2 and then they bounce back. Among null geodesics only a set of measure zero reaches the singularity, namely, radial ones ( = 0). For these geodesics,ṙ = ± √ 2M 0 /η; hence, r = ± √ 2M 0 /ηλ + c, for some constant c. The geodesics are extendible past the singularity: at r = 0, radial incoming geodesics become radial outgoing geodesics. Hence, all geodesics that start from past null infinity I − reach the future null infinity I + . Spacelike geodesics reach the singularity only if = 0. In this case, 
, for some constant c. Again, spacelike geodesics are extendible across the singularity.
It follows from the above that the singular solutions to the TOV equations involve no inextendible geodesics. Causal geodesic completeness is a minimal condition for a spacetime to be considered singularity-free [12] . Observers outside the stellar surface will receive no non-causal signal originating from the singularity.
Next, we consider the case of accelerated observers reaching the singularity. The key point is that all physical observers have finite proper acceleration; a rocket-ship moving towards the singularity can expend only a finite amount of fuel.
We evaluate the acceleration one-form for static observers near the singularity,
The minus sign in Eq. (8) implies a repulsive force. The proper acceleration √ a µ a µ diverges like r −1/2 as r → 0. This implies that in static configurations, infinite pressure is required in order to push a material element towards the singularity.
Consider an infalling observer with four-velocity u µ = (ṫ,ṙ,θ,φ). Since u µ u µ = −1,
Ifṙ,θ andφ are bounded, thenṫ √ r η
as r → 0. Hence, u µ approximates the four-velocity of a static observer. By Eq. (8), the observer requires infinite acceleration to reach the singularity.
Next, we examine the possibility thatṙ,θ orφ diverge as r → 0. Since the tangential acceleration does not affect whether the observer reaches the singularity or not, we focus on radially falling observers. Ifṙ diverges like r −1/2 or more slowly, Eq. (10) still applies and the earlier conclusion remains unchanged. Ifṙ diverges faster that r −1/2 , then by Eq. (9),
Then the proper acceleration as r → 0 is
The proper acceleration is finite, only if |r| diverges at most with r −1/2 . Settingr = c 1 r
for some constant c 1 , we obtain 1 2ṙ
2 + 2c 1 r 1/2 = c 2 , where c 2 is a constant. Hence,ṙ is finite as r → 0, contradicting our initial assumption. We conclude that no observer with finite proper acceleration reaches the singularity. The spacetime is bounded-acceleration complete [13] .
To summarize, singular solutions to the TOV equations lead to no problems with causality and predictability. They satisfy geodesic completeness and bounded-acceleration completeness. In Sec. 4.2, the properties of the singularity at r = 0 are further discussed in relation to the naked singularities that appear in gravitational collapse and to the cosmic censorship hypothesis
Singularity entropy
The singularity at r = 0 defines a natural boundary of the spacetime manifold. We propose an entropy assignment to this boundary, in analogy to the entropy of spacetime boundaries (horizons) in black hole thermodynamics. The rationale is the following.
It is a long-standing belief among researchers in quantum gravity that spacetime singularities are removed or regularized by quantum gravity effects. In this scenario, general relativity applies as long as all curvature radii remain significantly larger than the Planck length. This reasoning applies to singular solutions to the TOV equations, where the Weyl curvature diverges as r → 0. For these solutions, we introduce the length scale , such that the TOV equations apply outside the sphere Σ , defined by r = . Inside Σ , non-GR degrees of freedom may become important, hence, leading to a spacetime geometry different from the one predicted by the TOV equation.
The key point is that an external, macroscopic observer has no direct access to the microscopic degrees of freedom inside Σ . Nonetheless, the observer can describe those degrees of freedom thermodynamically, by assigning an entropy S to the boundary Σ . This entropy is interpreted in the Boltzmann sense: it is the logarithm of microstates of all inaccessible microscopic degrees of freedom within Σ . If is much smaller than any macroscopic length scale that characterizes the geometry, S is well approximated by its limiting value as → 0, provided that the latter is finite. Hence, we are led to the definition of singularity entropy S sing := lim →0 S .
A stronger argument for the existence of singularity entropy is provided by black hole thermodynamics. Euclidean Quantum Gravity (EQG) [4, 5] and Wald's Noether charge approach [6] are two methods that have been employed in order to define black hole entropy in general spacetimes. Both methods express black hole entropy as a surface integral over the two-dimensional intersection of the horizon with a Cauchy surface. In this sense, the horizon is treated as a spacetime boundary. The key point is that both methods define entropy in a way that does not apply specifically to black hole spacetimes; in principle, they apply to all spacetime characterized by Cauchy surfaces with boundary. In particular, they apply to solutions of the TOV equation, and they lead to a derivation of the singularity entropy S sing .
EQG is based on the properties of the (formal) gravitational path integral. For stationary solutions to Einstein's equations, it provides a relation between the Helmholtz free energy F and the Euclidean action I E . Let I[g, φ] be the action for a metric g and matter fields φ. For any stationary solution (g 0 , φ 0 ) to Einstein's equations, we define the Euclidean metric g E 0 by substituting the Killing time t with −iτ , where τ is a periodic coordinate with period β. Then, the Helmholtz free energy for (g 0 , φ 0 ) is
, where I E := −iI. In the Appendix B, we evaluate the Helmholtz free energy F for solutions to the TOV equation, both regular and singular. To this end, we consider an action functional I that is a sum of two terms I grav + I mat . The gravitational term I grav is the Gibbons-Hawking-York action for spacetimes with boundary [5, 14] , and the matter term I mat is the Kijowski-SmolskiGornicka action for gravitating perfect fluids [15] . We find that
where S mat is the entropy of matter and λ is an undetermined dimensionless constant. EQG cannot determine the value of λ, because it depends on the explicit form of counter-terms in the gravitational action. In principle, λ should be determined by a proper definition of the gravitational path integral. For regular solutions, M 0 = 0. Then, Eq. (77) reduces to the usual thermodynamic identity for the Helmholtz free energy, F = M + T ∞ S mat . For singular solutions, the total entropy S tot = (F − M )/T ∞ takes the form
where
is the entropy associated to the singularity. Thus, EQG verifies that the singularity contributes a term S sing to the total entropy; S sing is evaluated up to a multiplicative constant.
Eq. (15) is confirmed by Wald's definition of gravitational entropy in terms of the Noether charge of spacetime diffeomorphisms [6] . Like black-hole entropy, S sing is of the form
, where
is the Noether charge associated to the timelike Killing vector ξ =
∂ ∂t
. Like all charges, Q(ξ) is specified only up to a multiplicative constant λ.
A first-principles calculation of λ requires a quantum theory of gravity. However, we can find its value through the following argument. If S sing is of gravitational origin, it depends only on the spacetime geometry near the singularity, hence, only on the parameters M 0 and η. In particular, λ is the same for all singular solutions with the same M 0 and η, and it does not depend on the EoS. Therefore, it suffices to determine λ within a simple model system. This has been done in Ref. [7] , where it was shown that a thermodynamically consistent description of self-gravitating radiation in a spherical box is possible only if
The negativity of λ implies that the entropy of the singularity is smaller than the entropy of a locally Minkowskian spacetime. This is expected, otherwise regular solutions would not be thermodynamically stable.
Equilibrium states via the MEP
It is convenient to express the thermodynamic properties of gravitating systems in terms of the 'free entropy' function, defined as
Ω is the Legendre transform of the entropy S with respect to the particle numbers N a , for the different particle species. For details, see Ref. [2] and also the Appendix A.
For solutions to the TOV equation, Ω is a function of the mass M , the stellar radius r B and the constants b a ,
where the entropy contribution from the singularity has been taken into account. According to the MEP, physical solutions maximize the free entropy Ω with respect to r B for fixed M and b a .
Equations of state
The implementation of the MEP requires the choice of a specific EoS. Our conclusions are independent of this choice as they invariably follow from several different EoS. In the main text, we implement the MEP for the Oppenheimer and Volkoff EoS [16] that describes a single species of free fermions with mass µ. Other EoS are treated in the Appendix C.
Since we consider a single species of fermions, we drop the index a in b a and N a . The EoS for an ideal gas of free relativistic fermions is
where n is the number density, P is the pressure, and ρ is the energy density; we also wrote t = T /µ and D = µ 4 8π 2 3 . F α stands for the generalized Fermi integral
The regime of highly degenerate fermions corresponds to t << 1 and b >> 1. For t << 1 and s < 0, F α (t, s) is suppressed exponentially: Hence, within an excellent approximation, we can set n, P and ρ to zero for Y < 1, while for Y > 1,
The EoS (20) (21) (22) for Y > 1 becomes
The above expressions for n, P and ρ are standardly given as corresponding to T = 0 (and consequently to infinite b). Here, we view them as the dominant terms for small but non-vanishing temperature and large but finite b. Keeping T non-zero and b non-infinite is necessary for thermodynamic consistency.
The benefit of working in the near-zero temperature regime is that the free entropy (19) has non-trivial dependence on only two variables.
Implementation of the MEP
Next, we define the dimensionless variables w = √ 4πDm, and x = √ 4πDr, and we express Eqs. (2-4) as
We integrate Eqs. (29) (30) from the boundary x = x B := √ 4πDr B inwards, with initial conditions Y (x B ) = 1 (zero pressure at the stellar surface) and w(x B ) = w B , where w B := √ 4πDM . The local temperature at the stellar surface is µ/b, hence,
The space Γ of solutions to Eqs. (29-30) is two dimensional, each point specified by the dimensionless mass w B ∈ (0, ∞) and the dimensionless radius x B ∈ (0, ∞). The boundary of Γ consists of the line w B = 0 that corresponds to Minkowski spacetime and the line 2w B = x B that corresponds to Schwarzschild black holes.
As explained in Sec. 2.1, points of Γ correspond either to regular solutions with w(0) = 0, or to singular solutions with w(0) < 0. No point of Γ corresponds to a spacetime with a horizon-i.e., to w(0) > 0-,because horizons are not encountered when integrating the TOV equations from the boundary inwards [11] . Regular solutions define an one dimensional subspace of Γ in the form of a spiral-see, Fig. 1 . The point D of the spiral has maximum mass w max 0.153, and it defines the model's OVL.
All points of Γ outside the spiral correspond to singular solutions-see, Fig. 2 for a plot. In a singular solution, Y starts from the value 1 at x = x B and increases with decreasing x. Near the singularity, w becomes negative, so by Eq. (30), dY /dx > 0, i.e., Y decreases with (20) (21) (22) . Setting u = v = 0 for x < x 0 is an excellent approximation that becomes exact in the limit b → ∞. Hence, the singularity is surrounded by a ball of dimensionless radius x 0 with no matter. For x < x 0 , w is constant: w = −w 0 , where w 0 = √ 4πDM 0 . The local geometry is that of a negative-mass Schwarzschild solution. Eq. (30) implies that for x < x 0 ,
Since
Then, the singularity entropy Eq. (15) becomes
S sing is straightforwardly evaluated for any solution after x 0 has been numerically determined.
The free entropy becomes where
is a function on Γ.
Since Ω is proportional to b, we implement MEP by maximizing H for constant w B . It is convenient to use the coordinates (w B , χ) on Γ, where χ := 2w B /x B ∈ (0, 1) is the compactness parameter.
For w B < w max , the local maxima of the free entropy correspond to regular solutions of the TOV equation. This is shown in Fig. 3.a, where H(w B , χ) is plotted as a function of χ for constant w B . For some values of w B , several local maxima exist. The maximum with the largest χ turns out to be the global maximum. Hence, it defines the equilibrium state. The other local maxima correspond to metastable states. Hence, the stable regular solutions correspond to the spiral segment from the origin to the point D (Fig. 1 ), in agreement with the standard analysis of stellar stability. We conclude that the regularity condition arises as a consequence of the MEP.
The MEP also applies to solutions with w B > w max . The function H(w B , χ) has a unique maximum for each choice of w B . This maximum identifies a singular solution as an equilibrium state-see, Fig. 3 .b. Hence, there is a new phase of thermodynamically stable solutions to the TOV equation with masses higher than the OVL. We call these solutions 'singularity stars'.
We use the term 'singularity stars' to refer only to equilibrium singular solutions, and not to all singular solutions of the TOV equations. Equilibrium solutions define an onedimensional submanifold of Γ-see, Fig. 4 .a. The segment of the curve from w B = 0 to w B = w max corresponds to regular equilibrium solutions and the segment of the curve from w max to infinity corresponds to singularity stars.
From a thermodynamic perspective, the OVL at w B = w max is the critical point for the transition between the singularity-star phase and the regular-star phase. The first derivative Fig. 3 .a, w B ≤ w max , and the global maxima are regular solutions. In Fig. 3 .b, w B ≥ w max , and the global maxima are singular solutions. The entropy maxima are labeled by letters that correspond to the points of the (w B , χ) plane in Fig. 1. of the function χ(w B ) for equilibrium solutions is discontinuous at the OVL. Quantities like the ratio w 0 /w max and |S sing |-plotted in Figs. 3.b and 3 .c respectively-behave like order parameters: they vanish for the regular-star phase and are non-zero for the singularity-star phase. Hence, the phase transition at the OVL is continuous 1 . The above results were faithfully reproduced by all physically meaningful EoS that we tested. Some examples are presented in the Appendix C. Only one restriction was found: the EoS should be such that P ≤ 1 3 ρ as ρ → ∞, i.e., the pressure should not exceed the pressure of an ultra-relativistic ideal gas. One expects that this condition is satisfied by any asymptotically free quantum field theory. For an EoS with P > 
Can singularity stars exist?
In this section, we discuss whether singular equilibrium solutions to the TOV equations correspond to actual astrophysical systems. A physically relevant solution must be (i) stable under perturbation and (ii) an end state of a physical process with reasonable initial conditions.
Stability
We will examine the stability of singularity stars under three types of fluctuations: thermodynamical, dynamical and quantum.
Thermodynamic stability
Singularity stars are identified by the MEP, so they satisfy the most important criterion for thermodynamic stability. Being global entropy maxima, they cannot spontaneously evolve into a different static configuration.
In Fig. 5 , we plot the free entropy H eq of the equilibrium solutions as a function of the w B /w max . H eq is continuous across the transition point w B /w max = 1, it increases for w < w 1 1.09w max , and then it decreases to become negative at w − 2.5w max . The same behavior characterizes the entropy of singularity stars that is derived from other EoS-see the Appendix C. In particular, we found that w − /w max always takes values between 2.5 and 3.
Being negative, the free entropy of a singularity star with w B > w − is always smaller than the free entropy of a black hole of the same mass. The latter equals the Bekenstein-Hawking entropy [2] . Hence, singularity stars with w > w − are unstable to decays towards black holes.
The curve of the free entropy is everywhere concave, i.e., it satisfies
Hence the set of equilibrium solutions (including singularity stars) satisfy another key criterion for thermodynamic stability. Concavity guarantees that there is no energy flow between two identical systems in thermal contact, since Ω(M +δM, b)+Ω(M −∆M, b) ≤ 2Ω(M, b), i.e., the transfer of energy ∆M from one system to another is not favored. In the regime considered here, Ω is proportional to b, and stability with respect to particle number holds trivially. We conclude that singularity stars w B ∈ (w max , w − ) are thermodynamically stable in the near-zero temperature regime. A generalization of the present results that takes into account finite-temperature and particle-mixing effects is necessary, in order to prove thermodynamic stability over the full thermodynamic state space.
Dynamical stability
A stationary solution to Einstein's equations is (linearly) dynamically stable, if no linearized perturbation admits runaway solutions. Here, we discuss radial perturbations that are typically characterized by the strongest instabilities.
We consider spherically symmetric metrics of the form
with time-dependent lapse L(r, t) and mass function m(r, t) that perturb a static (equilibrium) solution to Einstein's equations. The linearized perturbations to Einstein's equation can be expressed in terms of an appropriately chosen function f (r, t) that satisfies a hyperbolic equation
where S, Q and W are functions of r that are determined by the equilibrium solution. A dot denotes differentiation with respect to t and a prime denotes differentiation with respect to r. 2 signifies a mode growing unboundedly; hence, dynamical instability. It follows that ω 2 0 > 0 is a necessary and sufficient condition for dynamical stability. This condition can also be expressed as
for any twice differentiable function ζ subject to the appropriate boundary conditions [17] . For regular solutions to the TOV equation, one typically assumes that perturbations preserve regularity, i.e., that the mass function at the origin always vanishes so that δm = 0 [18] . This boundary condition is obviously inappropriate for singular solutions. Since all singular solutions satisfy P (0) = ρ(0) = 0, the obvious requirement is that perturbations of density and pressure vanish at r = 0: δρ(0, t) = δP (0, t) = 0. Physical intuition obtained from the stability analysis of regular solutions is not applicable to singular solutions. For example, the common conclusion that large values of the central pressure P (0) lead to instability does not apply to singular solutions.
Stability is a global property of the spacetime geometry. Different metrics lead to different functions S, Q and W in Eq. (40); hence, to different sets of eigenvalues. This applies in particular to metrics that coincide in a finite region but strongly differ everywhere else, like the negative-mass Schwarzschild spacetimes and singular solutions to the TOV equation. Hence, the known instability of negative-mass Schwarzschild spacetimes [19] is irrelevant to the stability problem of singularity stars.
As a matter of fact, the singularity at r = 0 enhances the stability of equilibrium solutions. For adiabatic, radial perturbations, the function Q(r) of Eq. (40) is [17] 
[ρ(r) + P (r)]P (r)
where L(r), m(r), P (r) and ρ(r) refer to the equilibrium solution. By Eq. (41), positive values of Q contribute towards instability. For regular solutions, Q(r) > 0 for all r. However, for singular solutions, Q(r) becomes negative near r = 0,
Since S(r) > 0, the region around the singularity always contributes a positive term to the integral (41). The singularity tends to stabilize the equilibrium solutions. This makes good physical sense: the repulsion prevents perturbations that cause the inner layers of the star to collapse.
Quantum stability
Quantum instabilities occur when the ADM-Hamiltonian operator for asymptotically flat spacetime geometries admits negative eigenvalues. In this case, the Minkowski spacetime is quantum mechanically unstable because it can decay to a lower energy state. Lacking a quantum theory of gravity, the Hamiltonian cannot be constructed directly. Studies of quantum instability typically look for runaway solutions in hybrid quantum-classical dynamics, like semi-classical gravity or the use of the quantum effective action for deriving classical equations of motion. Quantum instabilities may be important for vacuum spacetimes, where quantum fluctuation are the primary contribution to energy-see, for example the discussion of the quantum stability of Minkowski spacetime [21, 22, 23] . However, they are negligible for the non-vacuum solutions studied in this paper, since the latter are characterized by ADM mass with macroscopically large (in fact, astronomical) values. Hence, quantum instabilities are not relevant to singularity stars.
Quantum fluctuations may only become important at the limit where the compactness parameter χ tends to unity. Ref. [9] suggests that quantum effects induce additional terms to the entropy functional that may affect the transition from the neutron-star and/or singularitystar phase to the black hole phase.
Formation of singularity stars
Singularity stars are acceptable physical systems, only if they constitute an end-state of the full Einstein equations for generic initial conditions. In this context, "generic" means that the set of initial data leading to the formation of a singularity star must be of non-zero measure in the set of all initial data.
Thermodynamics suggests several possible ways for the formation of singularity stars. For example, one may consider the continuous absorbtion of radiation by a neutron star until its mass crosses the OVL; or the merging of two neutron stars towards an end-state with mass above the OVL. Both processes are entropically allowed and they require no particular fine-tuning in their initial conditions. They should lead to the formation of singularity stars, provided that the latter are stable.
Of course, the most important mechanism for the formation of compact stars is gravitational collapse. The formation of spacetimes with naked singularities is a common feature in gravitational collapse models. In particular, spherically symmetric gravitational collapse leads to the formation of naked singularities for generic (spherically symmetric) initial conditions [24, 25] . The detailed properties of the naked singularities are model-dependent, and there is a long-standing discussion about their physical relevance and stability-see, [26, 27] and references therein.
Given the above, the emergence of singularity stars as asymptotic states of gravitational collapse is a plausible assumption. Indeed, solutions of the TOV equations with naked singularities surrounded by matter have already been obtained as end-states of gravitational collapse. However, existing studies have focussed on toy models with simplified matter content (purely tangential pressure) [28, 29] , so they have not produced the characteristic repulsive singularity found here.
A thermodynamically consistent EoS for matter is essential for the derivation of singularity stars as asymptotic states of gravitational collapse. Barytropic EoS that are often employed in such models are not compatible with the low density regime around the singularity. In particular, linear equations of state P = wρ, for w ∈ (0, 1), are not compatible with the formation of a stellar surface. Polytropic equations of state P = kρ γ , for k > 0 and γ > 1, lead by Eq. (55) to a relation between temperature and density of the form
where C > 0 is an integration constant. Hence, T cannot be made smaller than C at any density. This behavior is incompatible with the singular solutions to the TOV equation of Sec. 2.1 where T → 0 near the singularity. The derivation of singularity stars as asymptotic states of gravitational collapse requires an EoS that remains consistent at all ranges of temperature and density. To the best of our knowledge, this has not yet been done. We also note that singularity stars, defined in terms of entropy maximization, can only be arrived at by entropy-increasing processes. Even with the appropriate EoS, adiabatic collapse models cannot distinguish between singularity stars and non-entropy-maximizing singular solutions to the TOV equation. Therefore, it is necessary to incorporate thermodynamically irreversible processes, such as dissipation and heat transfer in the description of collapsing matter-see, for example, Ref. [30] .
The naked singularities considered here do not involve non-extendible geodesics, and in this sense they are much milder than the ones appearing in existing models of gravitational collapse. In fact, they may turn out to be compatible with the weak cosmic censorship hypothesis (WCCH) [31] . The usual formulation of the WCCH asserts that the maximal Cauchy evolution of asymptotically flat, regular data is an asymptotically flat spacetime with complete future null infinity I + . In Sec. 2.1, we showed that in singular solutions to the TOV equation, no null geodesics terminate at the singularity and only a set of measure zero among null geodesics passes r = 0. Hence, I
+ is complete in the equilibrium solution. Whether it remains complete in the full collapsing spacetime is an open issue. However, we expect that any violations of the WCCH during the collapse process will be much less severe than in existing models of gravitational collapse.
Summary
We argued that the existence of singularity stars cannot be ruled out on the basis of existing knowledge. The results of this paper make a good prima facie case for singularity stars, but a definitive prediction requires further research. In particular, it is necessary to (i) construct the full thermodynamic space of singularity stars, in order to identify all regimes of thermodynamic stability; (ii) prove dynamical stability for generic singularity-star solutions; and (iii) show that singularity stars emerge as asymptotic states of gravitational collapse.
Conclusions
The main results of this paper are the following.
First, we argued that the singularities in solutions of the TOV equation ought to be assigned entropy, and we evaluated this entropy using EQG. This result provides an explicit confirmation of Penrose's conjecture about the relation between singularities and entropy [32] . It also demonstrates the usefulness of the EQG in identifying gravitational contributions to entropy in context other than black hole physics. The issue arises whether the singularity entropy derived here can be reproduced by existing quantum gravity theories.
Second, we used the entropy assigned to the singularity in order to show that regular solutions to the TOV equation satisfy the MEP for general EoS. Hence, we provide a physical justification for the regularity condition that has so far been assumed a priori. We also showed how the MEP distinguishes between thermodynamically stable and metastable regular solutions.
Third, we showed that the MEP also identifies singular equilibrium solutions with masses higher than the OVL. Hence, the thermodynamics of self-gravitating systems involves a singularity-star phase in addition to the regular-star phase. The prediction of singularity stars is robust, as it involves no conjectures about the behavior of nuclear matter at higher densities, exotic forms of matter, or dynamical modifications of General Relativity.
Finally, we argued that the existence of singularity stars cannot be ruled out on the basis of known physics, and that further work is required in order to establish whether they correspond to genuine astrophysical objects or not.
A Thermodynamic description of self-gravitating systems
In this section, we summarize some thermodynamic properties of self-gravitating systems in equilibrium [2] . We consider a static globally hyperbolic spacetime M = R R R × Σ with four-metric
expressed in terms of the spatial coordinates x i and the time coordinate t. L is the lapse function, and h ij is a t-independent Riemannian three-metric on the surfaces Σ t of constant t. The time-like unit normal on Σ t is n µ = L∂ µ t and the extrinsic curvature tensor on Σ t vanishes.
Let C ⊂ Σ be a compact spatial region, with boundary B = ∂C. C contains an isotropic fluid in thermal and dynamical equilibrium, described by the stress-energy tensor
where ρ(x) and P (x) are the energy density and the pressure, respectively. The continuity equation ∇ µ T µν = 0 for the metric (45) becomes
We assume that the fluid consists of k particle species. The associated particle-number densities n a (x), a = 1, . . . , k, together with the energy density ρ(x) define the thermodynamic state space. All local thermodynamic properties of the fluid are encoded in the entropy-density functional s(ρ, n a ). The first law of thermodynamics takes the form
where µ a = −T ∂s ∂na is the chemical potential associated to particle species a and T = ∂s ∂ρ
is the local temperature. The pressure P is defined through the Euler equation
Combining Eqs. (49) and (48), we derive the Gibbs-Duhem relation, dP = sdT + a n a dµ a . We maximize the total entropy of matter S = C d 3 x √ hs(ρ, n a ) for fixed values of the total particle numbers in C, N a = C d 3 x √ hn a . To this end, we vary the function
with respect to n a , where b a are Lagrange multipliers. Ω is a Massieu function obtained by the Legendre transform of entropy, we will refer to it as the free entropy of the system. Variation with respect to n a
leads to b a = µa T
. Hence, for equilibrium configurations the thermodynamic variables
We introduce the free entropy density ω as the Legendre transform of the entropy density s with respect to n a
so that
Substituting Eq. (52) into Eq. (48), we obtain
It follows that T −1 = ∂ω/∂ρ and n a = ∂ω/∂b a . The Gibbs-Duhem relation becomes dP = ωdT + T a n a db a .
For entropy-maximizing configurations, db a = 0, hence,
Combining with Eq. (47), we obtain
which leads to Tolman's relation between local temperature and lapse function
where T ∞ is the temperature seen by an observer at infinity (where L = 1).
B Singularity entropy from Euclidean quantum gravity
In Euclidean Quantum Gravity, entropy and other thermodynamic variables are defined in terms of the Euclidean action associated to solutions of the classical equations of motion. In what follows, we evaluate the action functional for general solutions to the TOV equations.
B.1 The action for a self-gravitating perfect fluid
Relativistic hydrodynamics can be formulated as a Lagrangian field theory, so that the corresponding Euler-Lagrange equations coincide with Einstein's equations for a perfect fluid. Here, we follow the formulation of Kijowski, Smolski and Gornicka [15] . We consider a globally hyperbolic spacetime, described by a Lorentzian metric g and a spacetime manifold M with topology R R R × Σ. The field variables for the fluid are maps
. Z is the matter space, its points correspond to material particles.
We define the particle current
We write j µ = nu µ , where n = −j µ j µ is the particle number density and u µ is the unit fourvector of fluid velocities. We also express the local temperature T as a function of ζ 0 , as T = u µ ∂ µ ζ 0 . Next, we consider the action functional
where f (n, T ) is the Helmholtz free energy density. Variation with respect to ζ 0 and ζ i leads to the conservation equation
for the perfect-fluid stress-energy tensor
and to the conservation equation for entropy
The pressure P and the entropy density s are defined in terms of derivatives of f : P = n 2 (∂f /∂n) T and s = −(∂f /∂T ) n . A self-gravitating fluid on a spacetime M with a boundary ∂M is described by the action
The boundary term in the action (62) is included so that the variational principle is welldefined [14, 5] ; y are coordinates in ∂M , γ is the induced metric on ∂M and K is the trace of the extrinsic curvature at the boundary. Variation with respect to the metric leads to Einstein's equations G µν = 8πT µν , where T µν is given by Eq. (60). For solutions to the equations of motion R = −8πT µν g µν = 8π(−ρ +3P ), and the action (62) becomes
For a static metric of the form (45), Einstein's equations imply that 4π(ρ + 3P )L = ∇ i ∇ i L, where ∇ i is the covariant derivative on the three-surface of constant t. Hence, the first term of Eq. (63) becomes −
where h is the determinant of the three-metric h ij . Using Tolman's law, the second term in Eq. (63) becomes −T ∞ S mat dt, where S mat is the total entropy of the fluid at a single moment of time
B.2 The action for singular solutions . For r < r B , L and m are solutions to the TOV equation. The spacetime has topology R R R × Σ. The spatial manifold Σ is bounded by two spheres C 0 and C 1 , defined by the conditions r = r 0 and r = r 1 respectively; C 0 is inside the star and C 1 is outside. Eventually we will take the limits r 0 → 0 and
The metric σ induced by (1) on a two-sphere of constant r is dσ 2 = r 2 dθ 2 + r 2 sin 2 θdφ 2 . The three-dimensional vector q normal to the sphere is q = 1 − 2m(r)/r ∂ ∂r .
The action (63) for these solutions is a sum of four terms
where s denotes coordinates on the two-sphere,
K 0 and K 1 are the values of K ref near the surfaces R R R × C 0 and R R R × C 1 , respectively. We also used the fact that
Using the asymptotic expressions L = η/ √ r for r → 0 and L = 1 − 2M/r for r → ∞, we obtain
The standard choice for K 1 in I 3 is K 1 = 2L/r [5] , so that K − K 1 = −dL/dr as r → ∞. Then,
The part of I 4 that involves the integral of K is finite and equal to − ( dt) √ 2M 0 η. The problem is that there is no natural choice for K 0 in I 4 . The usual prescription is that K 0 is defined by the embedding of the bounding surface into flat three space. But for r = 0, L diverges. Hence, flat space near r = 0 corresponds to a spacetime metric with a curvature singularity, which a highly unnatural choice for a reference configuration.
In principle, K 0 should be derived from a fundamental theory for the renormalization of the gravitational path-integral. Nonetheless, its general form near r = 0 can be determined by a simple consistency argument.
First, K 0 contributes finitely to I 4 only if it diverges like r −3/2 near the singularity. Furthermore, K 0 must vanish for regular solutions, so it should be proportional to some power of M 0 . Since K 0 is interpreted as extrinsic curvature, it has dimensions of inverse length. K 0 is compatible with the above conditions, only if
for some dimensionless constant c that remains undetermined. It follows that
Consequently,
where we set λ = Euclidean Quantum Gravity suggests a fundamental relation between the Helmholtz free energy associated to a static solution of Einstein's equations and the value of the Euclidean action for this solution. Given a static solution (g 0 , ζ 0 ) to Einstein's equations, we define the associated Euclidean metric g E 0 by substituting the Killing time t with −iτ , where τ is a periodic coordinate with period β. Then, the Helmholtz free energy F associated to the solution (g 0 , ζ 0 ) is
where I E = −iI is the Euclidean action. Using Eq. (75) to Eq. (76), we find
C Singularity stars for other EoS
In this section, we reproduce the results of the main text for several different EoS.
C.1 Interacting fermion gas
First, we express Eqs. (20) (21) (22) for the number density n, the pressure P and the energy density ρ as n = Dµ −1 ν 0 (Y ), P = Dυ 0 (Y ) and ρ = Du 0 (Y ). Then, we observe that any EoS of the form
for some function z(Y ), leads (i) to b-independent structure equations and (ii) to Eq. (36) for the free energy Ω. The mean field theory for a fermion field interacting with a single scalar field through a Yukawa coupling leads to such an equation of state [33] , with
where α is a dimensionless constant proportional to the square of the Yukawa coupling constant. This EoS is derived from a Lorentz invariant action, through an approximation that preserves Lorentz covariance. Eq. (81) leads to a well defined EoS for α < α max = 2 3
. For α > α max , the pressure becomes negative. In Fig. 6 , we plot the spiral curve of regular solutions for α = 0 and for α = 0.65 (a value very close to α max ). The solutions almost coincide on the segment of the curve between the origin and w max , but they differ significantly at the metastable configurations.
Next, we apply the MEP to solutions of the TOV equation for α = 0.65. The corresponding Oppenheimer-Volkoff limit is w max 0.155. Again, we find that for w < w max , the MEP identifies regular solutions as equilibrium states and that for w > w max , equilibrium states are singular-see, Fig. 7 . In Fig. 8 , we plot the equilibrium entropy as a function of w B , and we find that the ratio w − /w max is about 2.7. for the EoS (78-81). In Fig. 7 .a, where w B ≤ w max , global maxima correspond to regular solutions. In Fig. 7 .b, w B ≥ w max , and the global maxima correspond to singular solutions. 
C.2 Polytropic EoS
Next, we consider matter described by Gratton's EoS [34] 
where A is a positive constant and 0 < γ < 1. The EoS (82) is polytropic at low densities;
where n is the standard polytropic index. For large ρ, the EoS describes ultrarelativistic particles. Note that, in general, A may be a function of b.
We define ρ = ρ 0 u and P = ρ 0 υ with ρ 0 = A 
where t = T /T 0 . (Note that the condition t < 1 for the vanishing of the pressure is equivalent to the condition Y < 1 of Sec. 3.1, if we identify T 0 = µ/b, where µ is the neutron mass. Then t = bT /µ.) We define the dimensionless variables x = √ 4πρ 0 r and w = √ 4πρ 0 m. Then, Eqs. (2-4) become
We integrate the equations from the boundary x = x B inwards with boundary conditions w(x B ) = w B and t(x B ) = 1. For singular solutions, t becomes unity at a finite distance x = x 0 from the singularity, so that for x < x 0 , t = 1+2w 0 /x 0 1+2w 0 /x . Then, we evaluate the singularity entropy
The free entropy (19) becomes Ω =
H, where For γ = 3 5 , the EoS (84) at small ρ describes non-relativistic free fermions. There is little qualitative difference from the EoS of free relativistic particles. We focus on smaller values of γ that lead to to regular solutions with higher compactness parameters. In Fig. 9 , we plot the spirals of the regular solutions for γ = . The maximum masses are 0.435 and 0.265, respectively. The application of the MEP leads to the same results: equilibrium states are regular solutions for w ≤ w max and singular solutions for w > w max -see, Fig. 10 . As shown in Fig. 11 , the ratio w − /w max is about 2.5 for both values of γ.
C.3 MIT bag EoS
Next, we consider a toy EoS for quark matter that follows from an elementary version of the MIT bag model [35] . The model assumes massless and non-interacting quarks confined in a 'bag' that originates from the QCD vacuum. The confinement is described by the 'bag constant' B that determines the energy difference between the standard and the QCD vacua.
The EoS is
and g is the number of independent quark species. Eqs. (89-91) imply that P = We write ρ = We integrate the equations from the boundary x = x B inwards with boundary conditions w(x B ) = w B and t(x B ) = 1. For singular solutions, t becomes unity at a finite distance x = x 0 from the singularity, so that for x < x 0 , t = 
In Fig. 12 , we plot the spiral curve of regular solutions. The maximum mass is found at w max 0.092. Again, we find that for w < w max , the MEP identifies regular solutions as equilibrium states and that for w > w max , equilibrium states are singular-see Fig. 13 . In  Fig. 14 , we plot the free entropy of the equilibrium solutions as a function of w B /w max and we find w − /w max 2.7.
C.4 The asymptotic behavior of the EoS
Finding the conditions that an EoS must satisfy in order to be compatible with relativity is an old problem that has not yet been resolved. The causality condition |∂P/∂ρ| ≤ 1 is well Figure 13 : The free entropy H(w B , x B ) for the EoS (93) as a function of χ = 2w B /x B for constant w B . In Fig. 13 .a, w B ≤ w max , global maxima correspond to regular solutions. In Fig. 13 .b, w B ≥ w max , all global maxima correspond to singular solutions. accepted, since it guarantees that the speed of sound on the material never exceeds the speed of light. Other conditions have been suggested but they are not universally accepted. For example, Landau and Lifschitz proposed [36] that
This follows from the assumption that for sufficiently high energy all particles behave like massless particles even in presence of interactions. Counterexamples exist [37, 38] ; however, theories characterized by asymptotic freedom are expected to satisfy (95) for ρ → ∞. Relativistic constraints to the EoS, other than causality, do not usually enter the compactstar models. Potential violations would typically appear at very high densities, well beyond the regime of physical interest. However, here we consider virtual solutions to the Einstein equations at extreme densities and far from thermodynamic equilibrium. In this regime, the asymptotic behavior of the EoS as ρ → ∞ is relevant.
In all examples that we have considered so far, the EoS satisfies Eq. (95). The free entropy Ω remains finite as χ → 1 for fixed M , the values of Ω being much smaller than the global maximum. However, EoS with different asymptotic behavior leads to Ω blowing up as χ → 1. The equilibrium state corresponds to χ = 1. Then, regular solutions are metastable states rather than equilibrium states. This is the case, for example, for the EoS of the non-relativistic free fermion gas with a causality-violating asymptotic behavior, P → ρ 5/3 . The EoS P = 1 a (ρ − ρ 0 ) for constants ρ 0 and a ≥ 1 does not violate causality. For a = 3, it describes the MIT bag model; for a = 1, it coincides with the EoS for the 'most compact' star considered in Ref. [39] .
As in the model of Sec. E.3, a transition temperature T 0 appears as an integration constant. Writing t = t/T , ρ = 
The implementation of the MEP for a = 1 is shown in Fig. 15 . Regular solutions still define local maxima of the free entropy, but these maxima are no longer global, because the free entropy diverges as χ → 1. Matter with this EoS cannot form stable compact stars, because they have always less entropy from the black-hole-like configurations at χ = 1. We find that this behavior persists for values of a < 3. For a ≥ 3, we recover the results presented in the main text and in the previous sections. There are two possible interpretations of this result. Either relativistic consistency implies Eq. (95) as ρ → ∞ (a result that remains to be proven from first principles), or matter that violates (95) exists but it cannot form stable compact stars.
Finally, we note that any EoS that is employed for neutron stars can also be employed for the study of singularity stars, as long as a high density cut-off ρ c is included so that Eq. (95) is enforced for all ρ > ρ c .
